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In a recent paper, Alahmadi, Alkan and López–Permouth deﬁned a
module M to be poor if M is injective relative only to semisimple
modules, and a ring to have no right middle class if every right
module is poor or injective. We prove that every ring has a poor
module, and characterize rings with semisimple poor modules.
Next, a ring with no right middle class is proved to be the ring
direct sum of a semisimple Artinian ring and a ring T which is
either zero or of one of the following types: (i) Morita equivalent
to a right PCI-domain, (ii) an indecomposable right SI-ring which
is either right Artinian or a right V-ring, and such that soc(TT )
is homogeneous and essential in TT and T has a unique simple
singular right module, or (iii) an indecomposable right Artinian
ring with homogeneous right socle coinciding with the Jacobson
radical and the right singular ideal, and with unique non-injective
simple right module. In case (iii) either TT is poor or T is a QF-ring
with J (T )2 = 0. Converses of these cases are discussed. It is shown,
in particular, that a QF-ring R with J(R)2 = 0 and homogeneous
right socle has no middle class.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction and preliminaries
Throughout, our rings will be associative with identity and modules will be unital right modules
unless otherwise stated. Recall that every module is injective relative to any semisimple module. In
fact, by [1, Proposition 3.1], semisimple modules are the only ones relative to which every module is
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N. Er et al. / Journal of Algebra 330 (2011) 404–417 405injective. In [1], Alahmadi, Alkan and López-Permouth introduced modules M whose domain of injec-
tivity In−1(M) = {N ∈ Mod − R | M is N-injective} is smallest possible, consisting only of semisimple
modules in Mod − R , and called such modules poor. They studied the question of which rings have
poor modules and gave it some partial answers. In this paper we prove that in fact every ring has a
poor module by providing two constructions for such modules (Proposition 1 and Proposition 2). We
also characterize rings having semisimple poor modules (Theorem 1).
In [1], the authors also considered rings over which each module is either poor or injective, and
referred to such rings as having no middle class. If every (right) module over a ring R is injective, or
if every module is poor, then R is semisimple Artinian. However, rings with no middle class are not
necessarily semisimple Artinian (e.g. any right PCI-domain). A ring R is called a right V-ring if simple
right R-modules are injective, a right QI-ring if every quasi-injective right R-module is injective, a
right PCI-ring if every proper cyclic right R-module (i.e. every cyclic not isomorphic to RR ) is injective,
and a right SI-ring if singular right R-modules are injective. These classes of rings have been studied
extensively (see, for example, [2–6,9,10,12,14–16,20]) and they are known to be closely related to each
other. For example, for a domain, the SI- and PCI-conditions are equivalent. PCI- and QI-rings both
are V-rings. Noetherian hereditary V-rings are QI (Boyle [2]). As can be seen immediately from the
deﬁnition, rings with no middle class are also related to QI-rings in the sense that all non-semisimple
quasi-injective modules over a ring with no middle class are injective.
The main result of this paper (Theorem 2) is that every ring with no right middle class is the ring
direct sum of a semisimple Artinian ring and a ring T which is either zero or one of the following:
(i) Morita equivalent to a right PCI-domain, (ii) an indecomposable right SI-ring which is either right
Artinian or a right V-ring, and with soc(TT ) homogeneous and essential in TT and unique simple
singular right module, or (iii) an indecomposable right Artinian ring where the right socle, Jacobson
radical and the right singular ideal coincide and are a homogeneous semisimple module, and T has a
unique non-injective simple right module. Also, in case (iii) either TT is poor or T is a QF-ring with
J (T )2 = 0.
Examples are given illustrating that the types of rings appearing in Theorem 2 do indeed occur.
We also discuss the various components of a converse for Theorem 2 and obtain signiﬁcant partial
results. In particular we show that a QF-ring R with J (R)2 = 0 and homogeneous right socle has no
middle class.
For a ring R and any two R-modules M and N , cl(M), E(M), rad(M), soc(M), Z(M), Z2(M),
Tr(M,N) will respectively denote the (composition) length, injective hull, Jacobson radical, socle,
singular submodule, second singular submodule of M (where Z2(M)Z(M) = Z( MZ(M) )), and the trace∑
f ∈HomR (M,N) f (M) of M in N . For the Jacobson radical of R we will use J (R). M is called N-injective
if, for any submodule A of N , any homomorphism g : A → M can be extended to some member of
HomR(M,N). M is called quasi-injective if it is M-injective. It is well known that M is N-injective if
and only if Tr(N, E(M)) ⊆ M . Thus M being quasi-injective is equivalent to the condition that M is
a fully invariant submodule of E(M). As mentioned above, the domain of injectivity In−1(M) of M
is the class {N ∈ Mod − R | M is N-injective}. A module is called semiartinian if every homomorphic
image of it has essential socle. A ring R is called right semiartinian if RR is semiartinian. Two mod-
ules are said to be orthogonal if they do not contain isomorphic nonzero submodules. A module is
called locally Noetherian if every ﬁnitely generated submodule of it is Noetherian. Finally, a nonzero
module M is called hollow if every proper submodule is small in M , equivalently, if M cannot be
expressed as a sum of two proper submodules. For additional terminology, concepts and results not
mentioned here, we refer the reader to [11] and [17].
2. Existence of poor modules and of semisimple poor modules
In [1], a module M is called a poor module if In−1(M) is the class of semisimple modules, and
some suﬃcient conditions for a ring to have a poor module are discussed. We will show that poor
modules indeed exist for any ring. Let us ﬁrst point out that a module M is poor if and only if every
cyclic module in the domain of injectivity of M is semisimple.
Proposition 1. Every ring has a poor module.
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of non-semisimple cyclic (right) R-modules. Since, for each γ ∈ Γ Aγ is non-semisimple, we can pick
a proper essential submodule Kγ of Aγ . Now put T =⊕γ∈Γ Kγ . Let B be a non-semisimple cyclic
module such that T is B-injective. Then there is some γ ∈ Γ such that B ∼= Aγ . Thus B has a proper
essential submodule, say N , isomorphic to Kγ . But then N is B-injective, a contradiction. Therefore,
T is poor. 
Corollary 1. The following conditions are equivalent for a ring R.
(i) R is semisimple Artinian.
(ii) All poor right (left) R-modules are semisimple.
(iii) Nonzero direct summands of poor right (left) R-modules are poor.
(iv) Nonzero factors of poor right (left) R-modules are poor.
Proof. If R is semisimple Artinian, all the remaining conditions follow trivially. Now assume any of
the conditions (ii), (iii) or (iv), and note that the direct sum of any module with a poor module is
poor. Since a poor module exists by Proposition 1, then every module is poor. In particular, injective
modules are poor, and this implies that R is semisimple Artinian. 
Proposition 2 below shows an alternative construction of a poor module, which is easier to de-
scribe than the one in Proposition 2. However, its proof is not as straightforward, since it essentially
relies on a nontrivial result due to B. Osofsky and P.F. Smith (see [18] and [7, Section 7]).
Proposition 2. Let R be any ring and M =⊕N∈Γ N, where Γ is any complete set of representatives of cyclic
right R-modules. Then M is poor.
Proof. If B is any module such that M is B-injective, then all cyclic subfactors (submodules of factors)
of B are B-injective. This implies, by [7, Corollary 7.14], that B is semisimple. Thus M is poor. 
Before proving our ﬁrst major result, note the following example.
Example 1. A right Noetherian right V-ring (in particular a right QI-ring) which is not semisimple
Artinian does not have any semisimple poor right modules.
Some situations in which certain semisimple modules are poor are discussed in [1]. For example,
if R is right Artinian, then RJ (R) is poor [1, Theorem 3.3]. Also, the Z-module
⊕
p
Z
pZ (as p ranges
over primes) is poor [1, Example 3.6(i)]. See [1, Section 4] for several other results about when cer-
tain semisimple modules are poor. Those results and the above example motivate the question of
which rings have semisimple poor modules. Theorem 1 characterizes such rings. First we deﬁne the
following condition for a module M:
Deﬁnition 1. We will say that a module M crumbles if socles split in all factors of M .
Every semisimple module clearly crumbles. It is interesting to consider rings for which the only
modules that crumble are the semisimple ones. Theorem 1 also characterizes such rings.
Remark 1. Let B be a cyclic module that crumbles. We can easily see that every factor of B has ﬁnite
uniform dimension: Otherwise, a factor of B , say B , would contain an inﬁnite direct sum
⊕
i∈I Ai of
nonzero cyclic submodules Ai . Taking, in each Ai , a maximal submodule Ti and letting T =⊕i∈I T i ,
the factor BT would have an inﬁnite socle, which could not be a direct summand of
B
T , a contradic-
tion.
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(i) R has a semisimple poor right module.
(ii) Every cyclic right R-module that crumbles is semisimple.
(iii) Every right R-module that crumbles is semisimple.
(iv) Every Noetherian but not Artinian cyclic right R-module has a factor whose Jacobson radical has nonzero
socle.
(v) Every Noetherian but not Artinian cyclic right R-module has a factor with nonzero Jacobson radical.
Proof. (i) ⇒ (ii) Let S be a semisimple poor right R-module. Assume, contrarily, that we have a non-
semisimple cyclic right R-module B that crumbles. Since S is poor, the trace Tr(B, E(S)) of B in E(S)
is not contained in S . This means that there is a homomorphic image of B in E(S) not contained in S .
Then B has a non-semisimple factor with essential socle, contradicting our assumption.
(ii) ⇔ (iii) This follows since cyclic submodules of crumbling modules are also crumbling.
(ii) ⇒ (iv) Assume (ii). Let N be a Noetherian but not Artinian cyclic right R-module. N is obviously
non-semisimple. Then, by assumption, N has a factor B whose socle does not split. Since soc(B) is
ﬁnitely generated, this means that B contains a simple submodule V which is not a direct summand
of B: Otherwise, all simple submodules of B would be direct summands, and by splitting one simple
module at a time from B , we could split soc(B) from B at as many steps as cl(soc(B)), yielding a
contradiction.
Now, V ⊆ rad(B) since, otherwise, B would have a maximal submodule M not containing V , which
would imply that V ⊕ M = B , contradicting the above argument. Therefore, soc(rad(B)) 
= 0.
(iv) ⇒ (v) Obvious.
(v) ⇒ (ii) Assume that B is a non-semisimple cyclic right R-module that crumbles. Then, by Re-
mark 1, every factor of B has ﬁnite uniform dimension. Now note that B cannot have a non-local
hollow and uniform subfactor with simple socle. Together with the above argument, this implies, by
[8, Proposition 1], that B is a Noetherian module. B is not Artinian since it is not semisimple. Now
suppose a factor C of B has nonzero Jacobson radical. Then rad(C) contains a nonzero cyclic D and
a maximal submodule E of D . Note that D is a small submodule of C . By assumption of crumbling,
D
E splits in
C
E , contradicting the fact that
D
E must be small in
C
E . Now the conclusion follows.
(ii) ⇒ (i) Assume (ii). Let Γ be a complete set of representatives of isomorphism classes of simple
right R-modules, and put S =⊕B∈Γ B(R) . We will show that S is a poor module. First note that,
by choice of Γ and S the socle of any cyclic right R-module can be embedded in S . Now let A be a
non-semisimple cyclic module, and assume that S is A-injective. By assumption, there is a semisimple
subfactor of A, say LC , which does not split in
A
C . Choose, by Zorn’s lemma a maximal submodule
K
C
of AC with zero intersection with
L
C . By assumption
L
C ⊕ KC
K
C
is a proper essential submodule of
A
C
K
C
. Then,
A
K has a proper essential socle isomorphic to
L
C . Since S is A-injective, it is
A
K -injective, so that the
embedding soc( AK ) → S can be extended to some f : AK → S , which also must be 1–1. But this is a
contradiction, since f ( AK ) is not semisimple. Thus S is poor. The proof is now complete. 
As a generalization of V-rings, a module M is called a V-module if every simple module is
M-injective (see [7]). The next result essentially shows that crumbling modules are precisely locally
Noetherian V-modules, and thus rephrases the equivalence Theorem 1(i) ⇔ (iii).
Corollary 2. The following conditions are equivalent for a ring R:
(i) R has a semisimple poor right module.
(ii) The only locally Noetherian right V-modules are the semisimple ones.
Proof. (i) ⇒ (ii) Let M be a locally Noetherian V-module and N be any factor of M . Then soc(N) is
M-injective (hence N-injective) by [7, 2.5], so that it splits in N . Thus, M crumbles. Now the result
follows from Theorem 1.
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in Theorem 1. Now we will show that every simple module S is M-injective: Let A be any submodule
of M and f : A → S be any nonzero homomorphism. Then, MKer( f ) = AKer( f ) ⊕ B for some submodule B
of MKer( f ) , since M crumbles. Thus, the composition of the natural maps M → MKer( f ) , MKer( f ) → AKer( f ) ,
and AKer( f ) → S extends f to M . Then M is semisimple by assumption. Now the result follows by
Theorem 1. 
Corollary 3. If R is a ring with all Noetherian right R-modules Artinian (in particular a right semiartinian
ring), then R has a semisimple poor module.
Corollary 4. Let R be a ring. If all non-semisimple cyclic right R-modules have nonzero Jacobson radical, then
R has a semisimple poor module.
Corollary 3 and Corollary 4 highlight two families of rings that have semisimple poor modules.
Examples 2 and 3 below show that neither class contains the other.
Example 2. Zp , the localization of Z at a prime p, illustrates Corollary 4, but it fails to satisfy the
condition of Corollary 3.
Example 3. Let R be a right semiartinian right V-ring which is not semisimple Artinian (see Exam-
ple 8). R has a semisimple poor module by Corollary 3, but every right R module has zero Jacobson
radical.
For examples of non-semiartinian rings illustrating Corollary 3 see [19, Theorem 1].
3. Rings for which each module is either poor or injective
In [1], a ring R is said to have no (right) middle class if each right R-module is either injective or
poor. In this section we provide a classiﬁcation of rings with no middle class.
Theorem 2. If R is a ring with no right middle class, then R ∼= S × T , where S is a semisimple Artinian ring,
and T is zero or it belongs to one of the three following classes:
(i) T is Morita equivalent to a right PCI-domain, or
(ii) T is an indecomposable right SI-ring satisfying the following conditions:
(a) T is either a right Artinian or a right V -ring,
(b) T has homogeneous essential right socle, and
(c) there is a unique simple singular right T -module up to isomorphism, or
(iii) T is an indecomposable right Artinian ring satisfying the following conditions:
(a) soc(TT ) = Z(TT ) = J (T ),
(b) T has homogeneous right socle, and
(c) there is a unique non-injective simple right T -module up to isomorphism.
In the third case, T is either a QF-ring with J (T )2 = 0, or poor as a right module.
We will break the proof of Theorem 2 into several lemmas and propositions:
Lemma 1. The property of having no middle class is inherited by factor rings.
Proof. Let R be a ring with no right middle class and I be an ideal of R . Also let M R
I
be a right
R
I -module which is not poor. Then, there exists a non-semisimple module N R such that M R isI I
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I
-injective. This implies that MR is NR -injective. Since NR is non-semisimple and R has no middle
class, MR must be injective. Then, M R
I
is also injective. 
Lemma 2. Let R be a non-right SI-ring with no right middle class. Then the following conditions hold:
(i) Every nonsingular right R-module is injective (hence semisimple).
(ii) The second singular submodule splits in any right R-module.
(iii) There exists a ring direct sum R = S ⊕ T such that S is a semisimple Artinian ring and TT has essential
socle with Z(TT ) = soc(TT ).
(iv) soc(RR) is essential in RR .
Proof. (i) Assume that R is not a right SI-ring and R has no right middle class. Then, there exists a
singular right R-module M which is properly contained in E(M). Thus E(M) is not semisimple and
every nonsingular module is E(M)-injective. Then, by our assumption, every nonsingular module is
injective, whence also semisimple.
(ii) Let N be any right R-module. It is well known that Z(N) is essential in Z2(N), and the latter is
a closed submodule of N . This means that there is a submodule B of N such that B⊕Z2(N)Z2(N) is essential
in NZ2(N) . But since B is injective by (i), we must have N = B ⊕ Z2(N).
(iii) By (ii), we have RR = A⊕ Z2(RR) for some right ideal A. AR is semisimple by (i). Furthermore,
for any r ∈ R , r A is isomorphic to a direct summand of AR , which means r A must be nonsingular.
This implies that Z2(RR)A = 0, and therefore A is a two-sided ideal. Now assume that Z(RR) is not
semisimple. In particular, Z(RR) 
= 0. Then Z(E(RR)) is not semisimple, either. Since Z(E(RR)) is a
fully invariant submodule of E(RR), it is quasi-injective. Z(E(RR)) is then not poor, whence it is in-
jective. Then Z(RR) = Z(E(RR ))∩ RR is a closed submodule of RR . This implies that Z(RR) = Z2(RR).
Then Z(RR) splits in RR . But then Z(RR) must be zero, a contradiction. Thus Z(RR) is semisimple.
Letting S = A and T = Z2(RR), we now have a ring decomposition into a semisimple ring S and a
ring T with Z(TT ) = Z(RR) = soc(TT ) essential in TT .
(iv) follows immediately from (iii). 
Lemma 3. Let R be a ring with no right middle class, and with essential and singular right socle. Then R is
indecomposable as a ring.
Proof. Assume contrarily that R = R1 ⊕ R2, for two nonzero ideals Ri . Let Xi be two right ideals of R ,
each contained in the respective Ri . If f : X1 → X2 is any R-homomorphism, then f (X1) = f (X1)R2 =
f (X1R2) = 0. This implies that each right ideal of R in R2 is R1-injective. In particular soc(R2) is
R1-injective. Since R has no middle class, either soc(R2) is injective, whence R2 is semisimple, or R1
is semisimple. But since soc(RR) is singular, R has no simple direct summands. So, one of Ri must be
zero, proving that R is an indecomposable ring. 
Lemma 4. Let R be a ring with no right middle class. If R has a non-semisimple and Noetherian right module,
then R is right Noetherian.
Proof. Let NR be a non-semisimple and Noetherian module and {Ei | i ∈ Γ } be any family of injective
right R-modules. Then, by [7, 2.5 p. 10],
⊕
i∈Γ Ei is N-injective. By our no middle class assumption
and since N is not semisimple,
⊕
i∈Γ Ei is injective. This shows that R is right Noetherian. 
Lemma 5. Any ring R with no right middle class is either right semiartinian or right Noetherian.
Proof. Assume that R is not right semiartinian. Let I be the union of the right socle series of R . Then
R
I is a (nonzero) ring with zero right socle and no right middle class by Lemma 1 and our assumption.
So, by Lemma 2(iv), we conclude that RI is a right SI-ring. Then by [13, Proposition 3.6],
R
I is a right
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right Noetherian by Lemma 4. Now the conclusion follows. 
Lemma 6. A ring R with no right middle class and singular right socle is right Noetherian.
Proof. Assume that R has no right middle class and soc(RR) is singular. By Lemma 5, R is right
Noetherian if it is not right semiartinian. So now assume that R is right semiartinian. Then, every
nonzero right R-module has nonzero socle. Now let S be any simple right ideal of R (which exists by
semiartinian assumption). S cannot be injective, since it would otherwise split in RR , contradicting
the fact that S is singular. Then E(S)S has a simple submodule. So S is maximal in a submodule S
′
of E(S). S ′ is obviously Noetherian, as well as non-semisimple. Then, by Lemma 4, R must be right
Noetherian. Thus, R is in any case right Noetherian. 
Lemma 7. Let R be a ring with no right middle class, and with nonzero and singular right socle. Then R is right
Artinian.
Proof. Since such a ring R is right Noetherian by Lemma 6, in order to see that R is right Artinian, it
suﬃces to prove that it is right semiartinian:
Assume contrarily that R is not right semiartinian. Let C be the union of the right socle series of R
and put R = RC . Then soc(RR) = 0 and R 
= 0. So RR is not Artinian. By assumption, RR is injective or
poor. If RR is injective, then the ring R is right self-injective. Also since R is right Noetherian, this
means that R is a QF-ring, whence it is Artinian, contradicting the fact that RR is not Artinian. So, RR
must be poor.
Next, take an arbitrary non-semiartinian cyclic right R-module Z . Let D be the union of the socle
series of Z and put Z = ZD . As before, Z 
= 0 and soc(Z) = 0.
Claim 1. Z has a nonzero submodule W = WD ( for some submodule W of Z containing D) such that ZW ∼= ZW
is also non-semiartinian.
Assume the contrary, namely that every factor ZX with respect to a nonzero submodule X ⊆ Z is
semiartinian. Then, since R is obviously ZX -injective, as well as a poor module by the above argument,
Z
X is semisimple. Now let V be any simple right ideal of R (which exists by the nonzero socle as-
sumption) and recall that V R cannot be injective since soc(RR) is by assumption singular. Thus, V is
poor.
Claim 2. V is Z-injective.
Let G be a submodule of Z , and f : G → V be any nonzero R-homomorphism. Since soc(G) = 0,
Ker( f ) 
= 0. Since ZKer( f ) is then semisimple by the above argument, ZKer( f ) = GKer( f ) ⊕ UKer( f ) , for some
submodule U of Z . Now let g1 : Z → ZKer( f ) , g2 : GKer( f ) ⊕ UKer( f ) → GKer( f ) be the obvious projections.
Note also that f naturally induces an isomorphism f : GKer( f ) → V . Then the map f g2g1 : Z → V ex-
tends f . This means that V is Z -injective, proving Claim 2. But since V is poor, Z must be semisimple,
a contradiction. This proves our Claim 1. Taking Z = R we obtain a nonzero right ideal A1 of R with
R
A1
non-semiartinian. Repeating this argument with Z = RA1 and so on, we obtain a strictly ascend-
ing chain {An | n = 1,2, . . .} of right ideals of R (with each RAn non-semiartinian), contradicting the
noetherianity of RR . Therefore, R must be right semiartinian, whence Artinian. 
Proposition 3. Suppose that R has no right middle class and that R is not a right SI-ring. Then R is the ring
direct sum of a semisimple Artinian ring S and a ring T as in Theorem 2(iii).
N. Er et al. / Journal of Algebra 330 (2011) 404–417 411Proof. By Lemma 2(iii) we have a ring decomposition R = S ⊕ T , where S is semisimple Artinian
and T has essential right socle with Z(TT ) = soc(TT ). Assume, without loss of generality, that T 
= 0.
T has no right middle class by Lemma 1, and it is indecomposable as a ring by Lemma 3, and right
Artinian by Lemma 7.
Let now E be an injective right T -module. Then, rad(E), being a fully invariant submodule of E , is
quasi-injective. However, rad(E) is also a small submodule of E , since T is now right Artinian. Thus,
by no middle class assumption, rad(E) is semisimple. This implies that J (T ), which is contained in
rad(E(TT )), is semisimple as a right T -module. Also since Z(TT ) = soc(TT ), simple right ideals are
contained in J (T ). So we have Z(TT ) = soc(TT ) = J (T ), as desired.
Now let S1 be a simple right ideal of T . Since S1 is also a singular right ideal, it is non-injective.
Let S2 be any non-injective simple right T -module. Since T is right Artinian, there exists some S ′2 ⊆
E(S2) (containing S2) such that S2 is maximal (and essential) in S ′2. Since S1 is poor, S1 must be a
proper submodule of Tr(S ′2, E(S1)). Then, there must exist some homomorphism ν : S ′2 → E(S1) such
that ν(S ′2) is not contained in S1, whence ν(S ′2) properly contains S1. Thus, the composition length
of ν(S ′2) is greater than 1, forcing ν to be a monomorphism. It follows immediately that S1 ∼= S2. This
shows that T has a unique non-injective simple right T -module up to isomorphism, and that soc(TT )
is homogeneous. The last statement of Theorem 2(iii) is now clear. 
Lemma 8. Let R be a right nonsingular ring with no right middle class. Then there exists a ring direct sum
R = S ⊕ T , where S is a semisimple Artinian ring and T is a ring with homogeneous (possibly zero) right socle.
Proof. Assume that R is a right nonsingular ring with no middle class. We ﬁrst claim that soc(RR)
cannot contain a direct sum A ⊕ B of two inﬁnitely generated orthogonal submodules A and B: As-
sume the contrary. Then, A and B are non-injective since they are inﬁnitely generated. Also, since A
and B are orthogonal, B must be contained in the kernel of any map f ∈ Hom(E(B), E(A)), making
Im( f ) singular, whence equal to zero, in particular contained in A. This shows that A is E(B)-injective.
But this implies, by no middle class assumption and since E(B) is non-semisimple, that A is in-
jective, yielding a contradiction. Similarly, we also get the two following facts: First, for any two
non-isomorphic simples S1 and S2 in soc(RR), at least one of them must be injective since, by the
same argument as above, each Si is E(S j)-injective for i 
= j and i, j ∈ {1,2}. And next, a simple right
ideal S which is orthogonal to an inﬁnitely generated semisimple right ideal I is injective, because
S is E(I)-injective and I 
= E(I). So, soc(RR) can only have ﬁnitely many homogeneous components,
only one of which may possibly be inﬁnitely generated, in which case the rest of the homogeneous
components will have to be injective by the above arguments. Thus, one can easily get a ring decom-
position R = S ⊕ T with S a semisimple Artinian ring, and T a ring with homogeneous (possibly zero)
right socle. 
Lemma 9. Let R be a right semiartinian ring with no right middle class. Then R is either a right V-ring or a
right Artinian ring.
Proof. Assume that R is not a right V-ring. Then, there exists a simple right R-module S which is
not injective, and this will imply, as in the proof of Lemma 6, that E(S)S has a simple submodule, and
then that R is right Noetherian. Thus, R is right Artinian. Therefore, R is either a right V-ring or a
right Artinian ring. 
Lemma 10. Let R be a (non-semisimple) right SI-ring with no right middle class, and with Rsoc(RR ) semisimple.
Then R has a unique simple singular right R-module.
Proof. Note ﬁrst that, in this case, soc(RR) is essential in RR and R is right semiartinian. Now
R
soc(RR )
=⊕ni=1 Bisoc(RR ) , for some right ideals Bi of R such that each
Bi
soc(RR )
is simple. Since R is not
semisimple Artinian, R has an essential maximal right ideal, and thus there exists a simple singular
right R-module, say V . Let V be generated by some v ∈ V . Then annR(v) contains soc(RR). Also since
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ery simple singular is isomorphic to some Bisoc(RR ) . Next, we will see that all
Bi
soc(RR )
are isomorphic to
each other: Let i 
= j. We can write B j = aR + soc(RR) for some a ∈ B j . Note that for all k, since Bk is
essential in RR , E(RR) = E(Bk). Since Bi is not semisimple and R has no right middle class, the quasi-
injective module Tr(Bi, E(Bi)) (see Introduction), which is then not semisimple since it contains Bi ,
coincides with E(Bi), hence with E(RR). In other words, Bi generates E(RR). Thus, there exists an
epimorphism f : B(Λ)i → E(RR) for some index set Λ. A ﬁnite subsum of B(Λ)i contains some ele-
ment, call x, such that f (x) = a. Then, restricting f to that ﬁnite subsum, we obtain some positive
integer t and a homomorphism φ : Bti → E(RR) such that aR ⊆ Im(φ). Put C = φ−1(aR). Since R is
right SI, it is right hereditary, so that φ|C splits. So, aR can be embedded in C , whence in Bti as well.
Without loss of generality, let a = (b1, . . . ,bt), with bk ∈ Bi (k = 1, . . . , t). Since aR ⊆ b1R ⊕ · · · ⊕ bt R
and aR is not semisimple, there exists some k0 ∈ {1, . . . , t} with bk0 not contained in soc(RR). Thus,
bk0 R + soc(RR) = Bi . Since annR(a) ⊆ annR(bk0 ), there exists an epimorphism π : aR → bk0 R , which
then splits, again because R is right hereditary. So we have a decomposition Ker(π) ⊕ L = aR for
some L ⊆ aR . Note that Ker(π)soc(Ker(π)) ⊕ Lsoc(L) ∼= aRsoc(aR) ∼= aR+soc(RR )soc(RR ) =
B j
soc(RR )
, and that L is not semisim-
ple. Also since
B j
soc(RR )
is simple, Ker(π) must be semisimple. Since L is not semisimple, we have
L + soc(RR) = B j . Therefore, B jsoc(RR ) ∼= Lsoc(L) ∼=
bk0 R
soc(bk0 R)
∼= Bisoc(RR ) . This proves our claim and completes
the proof. 
Proposition 4. Suppose that R is a right SI-ring with no right middle class. Then R is the ring direct sum of
a semisimple Artinian ring S and a ring T which is either Morita equivalent to a right PCI-domain or as in
Theorem 2(ii).
Proof. By Lemma 8, there is a ring direct sum R = S⊕ T , where S is a semisimple Artinian ring and T
is a ring with homogeneous right socle which may be zero. T has no right middle class by Lemma 1.
Note that T cannot decompose into two non-semisimple-Artinian rings. Because, if T = T1⊕T2, where
Ti are ideals of T , and, say, T1 is a non-semisimple-Artinian ring, then every right ideal of T2 is
T1-injective (as a T -module), whence injective by assumption. This implies that T2 is a semisimple
Artinian ring.
Since R is right SI, so is T . Then, by [13, Theorem 3.11] and since T cannot decompose into two
non-semisimple-Artinian rings, we can assume, without loss of generality, that T is either Morita
equivalent to a right PCI-domain, or Tsoc(TT ) is semisimple, whence soc(TT ) is essential in TT (as well
as homogeneous). If the former situation holds above, then we obtain Theorem 2(i).
So assume the latter, namely that Tsoc(TT ) is semisimple. Then T is right semiartinian. We can see
that in this case, T is an indecomposable ring: Assume T = T1 ⊕ T2, where Ti are nonzero two-sided
ideals of T . Since soc(TT ) is essential in TT , for each i = 1,2, we can ﬁnd a simple right ideal Vi of T
in Ti . But then V1T2 = 0 whereas V2T2 = V2, contradicting the fact that soc(TT ) is homogeneous.
Furthermore, T is either a right V-ring or a right Artinian ring, by Lemma 9. Assuming that T is not
semisimple Artinian to avoid triviality, we obtain, by Lemma 10, that T has a unique simple singular
right module. 
Proof of Theorem 2. The proof now follows from Propositions 3 and 4. 
The next two corollaries are reﬁnements of cases (ii) and (iii) of Theorem 2.
Corollary 5. Let T be a (non-semisimple) right Artinian ring as in Theorem 2(ii). Then T ∼= ( S A0 S ′
)
, where S
and S ′ are simple Artinian rings and A is an S–S ′-bimodule which is ﬁnitely generated as a right module.
Proof. Since T is right Artinian we can assume, without loss of generality, that T = e1T ⊕ · · · ⊕
ekT ⊕ f1T ⊕ · · · ⊕ fnT , where ei and ft form a complete set of primitive (local) orthogonal idem-
potents, ei T are isomorphic simple right ideals, and ft T are non-simple local T -modules. Now, if
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ft′ T
ft′ J
, where J is the Jacobson radical of T . It follows
that ft T ∼= ft′ T . Put e = e1 + · · · + ek and f = f1 + · · · + fn . Clearly, eT f ∼= HomT ( f T , eT ) = 0, so that
f T is an ideal. We can then identify T with the matrix ring
( f T f f T e
0 eT e
)
. Now let 0 
= h ∈ End( ft T ).
Since ft T is a local T -module and T is a right SI-ring (whence right hereditary), Ker(h) splits in ft T ,
forcing h to be an isomorphism. Thus End( ft T ) is a division ring. So both eT e and f T f are isomorphic
to matrix rings over division rings. Now the conclusion follows. 
Corollary 6. Let T be a (non-semisimple Artinian) ring as in Theorem 2(iii). Then T ∼= ( S A0 Mn(S ′)
)
, where S is
a semisimple Artinian ring, S ′ is a (non-semisimple) local right Artinian ring, and A is an S–Mn(S ′)-bimodule
which is ﬁnitely generated as a right module. If T has no simple injective right module, then T ∼= Mn(S ′).
Proof. Since T is right Artinian we can write, without loss of generality, T = e1T ⊕ · · · ⊕ ekT ⊕ f1T ⊕
· · · ⊕ fnT (ei and ft form a complete set of orthogonal local idempotents), where ei Tei J is a simple
injective right T -module for each i, and ft Tft J is not injective for any t . By Theorem 2(iii)(c),
ft T
ft J
∼= ft′ Tft′ J
for any t, t′ , whence ft T ∼= ft′ T . Now we claim that ft T ei ∼= HomT (ei T , ft T ) = 0. If not, we would have
a nonzero homomorphism g : ei T → ft T . If g(ei T ) ⊆ ft J = soc( ft T ), then rad(ei T ) = ei J = Ker(g). But
then we would have a simple injective in ft J , a contradiction. Then we must have g(ei T ) = ft T by
locality of ft T . But then,
ei T
ei J
∼= ft Tft J , again a contradiction. Therefore ft T ei = 0.
Now let e be the sum of all ei , and f be the sum of all ft . Then, we can identify T with
( eT e eT f
0 f T f
)
.
Then T(0 eT f
0 0
) ∼= eT e× f T f . By Lemma 1, eT e× f T f has no right middle class, and by the same argu-
ment as in Proposition 4 only one of the rings in the latter product can possibly be non-semisimple
Artinian. Assume that f T f is semisimple Artinian. Then
( 0 0
0 f T f
) ⊆ soc(TT ) = Z(TT ), whence f = 0.
Then T = e1T ⊕ · · · ⊕ ekT . Then, any simple right ideal, being isomorphic to some ei Tei J , is injective.
This contradicts the assumption that T is not semisimple Artinian. Then, eT e is semisimple Artinian,
and f T f ∼= Mn(S ′) for some local right Artinian ring S ′ which is not semisimple Artinian. The last
statement follows immediately. This completes the proof. 
The following examples show that the three cases of Theorem 2 are indeed possible.
Example 4. Any right PCI-domain is an example of the rings in Theorem 2(i) by [1].
Example 5. Let R = ( K K
0 K
)
, where K is a ﬁeld. Let e1 =
( 1 0
0 0
)
, and e2 =
( 0 0
0 1
)
. Let M be a right
R-module and assume that M is A-injective, where A is a non-semisimple cyclic right R-module.
Since R is Artinian serial, A = A1 ⊕ · · · ⊕ An , where Ai are cyclic uniserial modules. Then, each Ai
is isomorphic to one of the modules e1R , e2R , and
e1R
soc(e1R)
. Since A is not semisimple, Ai ∼= e1R for
some i ∈ {1, . . . ,n}. But then M must be injective. Thus, R has no right middle class. Therefore, R is
an Artinian ring satisfying Theorem 2(ii).
Example 6. Let R = Z
p2Z
. Then R is a ring of Theorem 2(iii) by [1, Theorem 4.1].
4. In search of a converse
It is natural to ask if the converse of Theorem 2 holds. We will give some partial answers to this
question addressing the various rings appearing in Theorem 2.
The next proposition is the converse of Theorem 2(i). It is a routine exercise to verify that having
no middle class is a Morita invariant property.
Proposition 5. If R is Morita equivalent to a right PCI-domain, then R has no right middle class.
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under a slightly stronger uniqueness condition than that of Theorem 2(ii)(c). Note that every non-
simple local right module over a right SI-ring must be nonsingular.
Proposition 6. Let R be a right Artinian right SI-ring with homogeneous right socle and a unique (nonsingular)
local module of length 2 up to isomorphism. Then R has no right middle class.
Proof. First note that, as in Corollary 5, we have a decomposition RR = e1R ⊕ · · · ⊕ ekR ⊕ f1R ⊕
· · ·⊕ fnR , where ei R are simple right ideals, isomorphic by assumption, and f j R are local modules of
length  2. Note that since R is right Artinian and right SI, for each t , soc( ft R) is essential in ft R and
is contained in ft J , so that
ft J
soc( ft R)
is singular, whence it is injective and splits in ft Rsoc( ft R) , implying
that soc( ft R) = ft J . Now, for any t, t′ , we can ﬁnd two right ideals At ⊆ ft R and At′ ⊆ ft′ R such that
cl( ft RAt ) = cl(
ft′ R
At′
) = 2. Then, by assumption, ft RAt ∼=
ft′ R
At′
. This implies that ft Rft J
∼= ft′ Rft′ J , which then yields
ft R ∼= ft′ R .
Now let M be a right R-module. Assume that M is A-injective, where A is a non-semisimple
cyclic right R-module. We will show that M is injective. In A we can ﬁnd a non-semisimple lo-
cal submodule A′ . Clearly, A′ is an image of some f i R . So, as in the preceding paragraph, we can
ﬁnd some local factor B of A′ such that cl(B) = 2. M is B-injective. Now ﬁx any f j . Assume that
soc( f j R) = S1 ⊕ · · · ⊕ Sl for some simple right ideals Si . For each i, put Vi =⊕t 
=i St (if l = 1 take
Vi = 0). Then ⋂li=1 Vi = 0 and cl( f j RV i ) = 2 for all i, so that f j R can be embedded in
⊕l
i=1
f j R
V i
∼= Bl .
Thus, M is f j R-injective. Since all f i R are isomorphic and soc(RR) is homogeneous, we conclude that
M is injective. Therefore R has no right middle class. 
The ring R in Example 5 illustrates Proposition 6. We can obtain the following result in essentially
the same way as in the proof of Proposition 6.
Proposition 7. Let R be a right Artinian ring with unique (up to isomorphism) local module of length 2, and
homogeneous soc(RR) = J (R). Then R has no right middle class. In particular R is a ring of Theorem 2(iii).
Proof. By the remark preceding this proposition, we only need to show the last statement. By The-
orem 2, there is a ring direct sum R = S ⊕ T , where S and T are as described in Theorem 2. Now
if both S and T are nonzero, R would have to have two simple right ideals (one in S and one in T )
with distinct annihilators, contradicting the homogeneous socle assumption. Also R cannot be equal
to S because of our assumption that a local module of length two exists. So, R = T , and T is not
semisimple Artinian. Then T cannot be Morita equivalent to a domain since T is right Artinian but
not semisimple. Now, by the assumption that soc(RR) = J (R), no simple right ideal in R can split,
whence neither can any maximal right ideal. Now let V = vR be any simple right ideal of R . Then
annR(v) must be essential in RR . This shows that simple right ideals of R must be singular submod-
ules of RR . Hence, Z(RR) 
= 0, and R cannot be right SI. Therefore R must be as in Theorem 2(iii). 
Example 6 illustrates the situation in Proposition 7. The following example shows that the con-
dition soc(RR) = J (R) is not redundant in Proposition 7. However, also note that the condition
soc(RR) = J (R) is not necessary when R is right SI, as Example 5 shows.
Example 7. Let R = Z
p3Z
(p a prime). Then R does not have no middle class, by Theorem 2.
Before we discuss the converse of Theorem 2(ii) in general, we prove a lemma.
Lemma 11. Let R be a (non-semisimple) right SI-ring with homogeneous essential right socle and each proper
essential submodule of E(RR) poor. Then R has no right middle class.
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right SI, we can assume, without loss of generality, that A is a nonsingular module. Then A ∼= RI
for some essentially closed right ideal I of R , so that an isomorphic copy of some right ideal of R
(namely any complement of I in RR ) is essential in A. We will see that M is injective. From the
above arguments, we obtain that soc(A) is essential in A and it can be embedded in soc(RR). Using
the homogeneous socle assumption, it is not hard to see that Tr(A, E(RR)) contains soc(RR), so that
Tr(A, E(RR)) is essential in E(RR). Since Tr(A, E(RR)) is a fully invariant submodule of E(RR), it is
also quasi-injective.
Now let f : soc(A) → RR be any embedding, which exists by the above arguments. f can be
extended to some monomorphism g : A → E(RR). This shows that Tr(A, E(RR)) cannot be semisimple.
Assume now that Tr(A, E(RR)) is a proper submodule of E(RR). Then it is a poor mod-
ule, by assumption and the above discussion. However, since it is also quasi-injective, it follows
that Tr(A, E(RR)) is semisimple, a contradiction to the preceding paragraph. Then we must have
Tr(A, E(RR)) = E(RR). Since M is A-injective, it is Tr(A, E(RR))-injective, whence E(RR)-injective, and
thus injective. Therefore R has no right middle class. 
We are now ready to characterize when a right SI-ring with homogeneous essential right socle has
no right middle class. The next result will also address the converse for both cases (Artinian and V)
of Theorem 2(ii). First we make a remark.
Remark 2. Let R be a right nonsingular ring and Q be its maximal right quotient ring. Recall that
Q R = E(RR). Also, since EndR(Q ) = EndQ (Q ), all R-endomorphisms of Q R can be realized via left
multiplication by an element of Q . Thus, for an essential submodule A of Q R , A is a quasi-injective
module if and only if A is a sub-bimodule of Q Q R .
Proposition 8. Let R be a (non-semisimple) right SI-ring with homogeneous essential right socle, and Q be its
maximal right quotient ring. Then the following conditions are equivalent:
(i) R has no right middle class.
(ii) Proper essential submodules of Q R are poor.
(iii) Non-semisimple quasi-injective right R-modules are injective.
(iv) For any submodule A of Q R containing soc(RR) properly, Q A = Q .
Proof. (i) ⇔ (ii) This follows by Lemma 11 and Remark 2.
(i) ⇒ (iii) Straightforward by deﬁnition of no middle class.
(iii) ⇒ (iv) Let A be a submodule of Q R which contains soc(RR) properly. Then by Remark 2,
Q A is quasi-injective, whence injective by assumption. Since Q A contains A, and hence soc(RR), it is
essential in Q R . Therefore Q A = Q .
(iv) ⇒ (i) Following the same way as in the proof of Lemma 11, let M and B be two right
R-modules such that B is nonsingular, non-semisimple and cyclic, and M is B-injective. Then
A = Tr(B, Q ) properly contains soc(RR), and it is quasi-injective. By this, Remark 2 and the as-
sumption, we have A = Q A = Q . Since M is clearly A-injective, then M is RR -injective whence it
is injective. This proves that R has no right middle class. 
Remark 3. Notice that any ring with no right middle class satisﬁes the condition (iii) in Proposition 8,
which seems to relate rings with no middle class to QI-rings (quasi-injectives are injective). We do
not know if this condition is suﬃcient for an arbitrary ring to have no right middle class. However,
its necessity for any ring to have no right middle class will be useful in the next example, which is
based on [6, Example 5.14].
Example 8. Let F = Z2Z and V F be a vector space with (countably) inﬁnite basis. Let L = EndF (V ),
S be the ideal of linear transformations in L of ﬁnite rank, and R be the subring of L generated
by S and 1L . By choice of F , we have R = S + {1L}. By [6, Example 5.14], R is a right V-ring with
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by [13, Theorem 3.11]. By [17, Proposition 13.39] L is the maximal right quotient ring of R . Now
let f 2 = f ∈ L be any idempotent transformation with both Ker( f ) and Im( f ) having inﬁnite rank.
Then f is not in R . Let A = S + f R . By Remark 2, LA = LS + L f S + L f is a non-semisimple quasi-
injective submodule of LR . Let us assume that 1L ∈ LA. Since LS + L f S ⊆ S , then 1L = s + l f for
some s ∈ S and l ∈ L. Then Ker( f ) = 1L(Ker( f )) ⊆ s(Ker( f ))+ l f (Ker( f )), which clearly has ﬁnite rank,
contradicting the choice of f . Then LA 
= L. So LA is a non-semisimple, non-injective quasi-injective
right R-module. Thus, R is a right SI and right V-ring, however, it is not a ring with no right middle
class.
There exists a commutative SI-ring with inﬁnite socle which is not with no middle class. See, for
example, [13, Example 3.2]; the given ring does not have homogeneous socle, so it is not with no
middle class by Theorem 2.
The next proposition addresses the QF-ring case in Theorem 2(iii). Here, it turns out that the
necessary condition in this case is also suﬃcient.
Proposition 9. If R is a (non-semisimple) QF-ring with homogeneous right socle and J (R)2 = 0, then R has
no right middle class.
Proof. Let R be non-semisimple QF with homogeneous soc(RR) and J (R)2 = 0. Then, R is Artinian
serial with a decomposition R =⊕nt=1 et R , where et R are isomorphic local modules, each with com-
position length = 2, by the non-semisimplicity and homogeneous socle assumptions. This implies, in
particular, that R has a unique simple right module up to isomorphism. Now, every R-module de-
composes into cyclic uniserial modules. Let M be any right R-module. Then M =⊕i∈I Mi , where Mi
are cyclic uniserial. Each Mi is isomorphic to either et R or soc(et R) (for any t). If M is not injective
then some Mi is simple. We claim that Mi is then poor: Let N be cyclic and Mi be N-injective. Then,
N =⊕mk=1 Nk , where Nk are uniserial modules, each isomorphic, as before, to et R or soc(et R). If any
of Nk ∼= et R , this means that Mi ∼= soc(et R) is et R-injective, a contradiction. So N must be semisimple,
so that Mi , whence M , is poor. 
Notice that, according to the argument in the proof of Proposition 9, in the QF case of Theo-
rem 2(iii), T is isomorphic to Mn(S) for some local Artinian ring S .
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